The strong influence of relatively small amounts of filler particles, such as carbon black, on the mechanical properties of elastomers has been well known for decades and has significantly contributed to increased use of elastomeric materials in many commercial applications. Even though the use of fillers is ubiquitous, satisfactory understanding and modeling of the micromechanisms by which fillers alter the mechanical behavior of elastomers has still not been realized. In this work the influence of filler particles on the equilibrium stress-strain response has been investigated. First, an experimental investigation probing the behavior of a Chloroprene rubber with varied filler content has been performed. The experimental data allowed for a direct evaluation of both a newly developed constitutive model based on the amplification of the first strain invariant, and a number of other models proposed in the literature. A direct comparison with experimental data suggest that the new model generates superior predictions, particularly for large strain deformations. Then, in an effort to examine some of the assumptions that are common in the constitutive modeling and also to try to determine which of the input parameters are most important, a detailed series of micromechanical models were constructed using two-and three-dimensional finite element simulations. The results indicate that the effect of filler particles on the equilibrium behavior of elastomers can be accurately predicted using stochastic three-dimensional simulations suggesting that successful modeling mainly requires a rigorous treatment of the composite nature of the microstructure and not molecular level concepts such as alteration of mobility or effective crosslinking density in the elastomeric phase of the material.
Introduction
It has been well known for decades that adding small amounts of filler particles to an elastomer can have a strong influence on its mechanical response. In particular, the incorporation of filler particles is known to (1) increase the stiffness of the material, (2) change the strain history dependence of the stiffness (commonly referred to as the Mullins effect), and (3) alter timedependent aspects of material behavior such as hysteresis and stress relaxation. While filler particles are known to alter these important aspects of the macroscopic stress-strain behavior of elastomeric materials, the mechanism by which the alterations occur is still a subject of debate. For example, the increase in stiffness is considered to result from two primary contributions: (i) the continuum level explanation whereby the stiffness of a composite will be some weighted combination of the stiffnesses of the individual constituent materials, depending on the exact microstructure; and (ii) the molecular level explanation that the filler acts both to effectively increase the crosslink density of the material by providing additional crosslinking sites at the particle-matrix interface [Bueche, 1960 [Bueche, , 1961 and also to reduce the segmental mobility close to the filler particles [Kraus, 1978] . In addition to the volume fraction of filler particles, a number of state variables have been proposed to influence the magnitude of these contributions: (1) the size, type, and shape of the fillers [Mullins, 1950] ; (2) the filler aggregate structure [Smallwood, 1944 , Guth and Gold, 1938 , Meinecke and Taftaf, 1988 (here the term structure is used in the sense of Medalia and Kraus [1994] , i.e. structure is the property specifying the bulkiness of the aggregates); and (3) the polymer-filler interface area [Medalia and Kraus, 1994] . Of these three parameters, the particle size and the interface area have received perhaps the most attention in the literature [Mullins, 1950 , Paipetis et al., 1988 , Medalia and Kraus, 1994 ; this seems somewhat unjust since an early paper by Smallwood [1944] convincingly demonstrated that the main influence of this internal length scale is to change the aggregate structure of the filler particles. The hypothesis that the filler acts at a molecular level to effectively increase crosslinking sites has been exploited by Blanchard and Parkinson [1952] , Bueche [1960 Bueche [ , 1961 , and more recently, by Govindjee and Simo [1991] to explain and model the Mullins effect, which is the term given to the phenomenon whereby an elastomer experiences a loss of stiffness during its first few load excursions. The loss in stiffness is found to depend on the stress level the material had experienced in prior loadings. In modeling this phenomenon, Bueche [1960 Bueche [ , 1961 as well as Govindjee and Simo [1991] attributed the loss in stiffness to be a result of the breaking of the matrix molecular chain/particle bond and the effective loss in crosslinking density. While the Bueche-type model was successfully fitted to Mullins effect data as shown in Govindjee and Simo [1991] , the debonding of the matrix from the particle does not appear to be a successful mechanistic explanation for the loss in stiffness. As shown in Harwood et al. [1965] as well as Harwood and Payne [1966] , the Mullins effect is observed in both filled and unfilled elastomers. Indeed, Harwood and Payne [1966] have shown that for a given elastomer, the loss of stiffness can be correlated to the maximum stress achieved in prior loadings and is independent of the volume fraction of carbon black. They postulate that the presence of the carbon black acts to amplify the matrix strain (over that of the applied strain), thus making the Mullins effect more apparent at smaller applied strains in the filled elastomers than in the corresponding unfilled elastomers. In other words, the carbon black acts as a continuum level reinforcement and the strain history dependence of stiffness (Mullins effect) is due to a molecular level event occurring in the matrix material (not at the matrix/particle interface). In addition to stiffness, fillers are also observed to alter time-dependent aspects of the stress-strain behavior including strain rate dependence of the stress-strain behavior, hysteresis, and stress relaxation behavior. Filled elastomers appear to exhibit a higher rate-dependence and larger hysteresis than their corresponding unfilled elastomer. However, this may simply be a result of the amplification of the matrix strain (as in the case of the Mullins effect as described above) or there may be additional dissipative mechanisms introduced due to the matrix/particle interface.
This background suggests that in order to clarify the relationship between filler content and its influence on mechanical behavior (stiffness, Mullins effect, hysteresis, time-dependence), continuum level modeling of the interaction between filler and matrix should be further explored. Prior to investigating the effectiveness of continuum level modeling in capturing the dependence of the Mullins effect and time-dependent aspects on filler content, the ability of continuum level modeling to predict the dependence of stiffness on filler content will first be explored and is the topic of this paper. Note, continuum modeling can only be considered as a candidate for explaining filler effects on strain history and time-dependent aspects of behavior if it can successfully predict the stiffness. Below, experimental results of the dependence of stiffness on filler content will first be reviewed. The ability of various models to predict the observed dependencies will then be discussed. Micromechanical modeling of the particle filled elastomer will then be presented using both two-dimensional and three-dimensional finite element simulations. The micromechanical model predictions will then be compared to experimental data as well as composite models.
Experimental Data
To enable a direct comparison and evaluation of different proposed constitutive models for the isothermal equilibrium response of particle filled elastomers, it is crucial to have accurate experimental data. For this reason, a number of compression experiments on Chloroprene rubber filled with different volume fractions of carbon black particles were performed. The specimens used were ASTM sized (height and diameter were 13 mm and 28 mm, respectively) and tested at room temperature using a computer controlled Instron servohydraulic uniaxial testing machine operating in strain control mode. The specimens were compressed between hardened steel platens which contained a spherical seat for improved alignment. Interface friction between the loading platens and the specimen was reduced by inserting thin Teflon sheets between the specimen and the steel platens. All specimens were conditioned by five to six load cycles with increasing amplitude to a final true strain of about -1 prior to testing to remove the influence of the Mullins effect [Mullins and Tobin, 1965] and to insure repeatability in the tests. The specimens were then subjected to a constant strain-rate loading-unloading cycle. Hold periods were introduced in the loading-unloading cycle where the strain was held constant for a predefined time and the relaxation of the stress with time was recorded. The resulting stress-strain behavior 1 for three different carbon black filled Chloroprene elastomers differing only in volume fraction filler is shown in Figure 1 . In part (a) of the figure the large-strain response is shown, and in part (b) is shown the response for smaller strains. Besides illustrating the strong influence of filler particle concentration, Figure 1 also demonstrates the pronounced amount of hysteresis and the negligible amount of residual strain that is commonly observed in elastomers. It is also clear that the stress during the relaxation periods relaxes towards an equilibrium state and that this equilibrium level is only dependent on the current strain state [Bergström and Boyce, 1998 ]. From this data it is possible to estimate the equilibrium stress-strain curve for each filler concentration, as shown in Figure 2 . An example of the filler aggregate morphology for the Chloroprene rubber with 15 volume percent filler is shown in the TEM micrograph in Figure 3 . The micrograph shows that the particles clearly tend to cluster into irregularly shaped aggregates of various sizes and spacings. This is a rather typical microstructure as evidenced by numerous micrographs of filled elastomers in the literature.
Initial Modulus
The most direct evaluation of the influence of filler particles on the mechanical response of elastomers is to consider the small strain Young's modulus versus volume fraction particles, as shown in Figure 4 . In this figure the experimental data for a number of different elastomers and filler systems are summarized, including those shown in Figure 2 (the Young's modulus of the unfilled Chloroprene rubber used in Figure 2 was estimated to be 2.0 MPa.) Although there is a scatter in the data due to the different elastomers and fillers used by the various investigators, the figure indicates in what range the normalized modulus is likely to be for a given volume fraction and particle type. This information will be used in the next section as the reference to which several proposed constitutive models will be compared.
Theoretical Models
In this section the dependence of the stress-strain behavior on the volume fraction filler particles will be studied. As a starting point, a comparison between the experimental data presented in the previous section and a number of constitutive models proposed in the literature for the small strain equilibrium modulus will first be presented. Then, the large-strain predictions of a few selected models will be considered in more detail. The purpose of this approach is to first sort out which models are promising and then examine these models more carefully. Note that no attempt has been made to exhaustively compare all proposed models or to summarize in any detail the different approaches used. Instead, a selection of commonly used and/or quoted models have been chosen and a final constitutive equation, simplified to a uniaxial compression loading situation, is stated. For more details the interested reader is referred to the original papers. In the following, the effective volume average composite properties will be denoted by
for example the effective Young's modulus will be denoted E . Similarly, volume averages in the matrix phase will be denoted by
where V is the total volume of the unit cell, and V m the volume of the matrix phase. The prediction of the equilibrium locus is a composite theory problem that can be approached in two different ways: one can derive rigorous bounds for the behavior or one can try to estimate the overall behavior. One of the first and simplest estimations is the dilute estimate of Einstein [1906 Einstein [ , 1911 who derived the increase in viscosity caused by a suspension of spherical particles in a viscous fluid. The same approach was later applied by Smallwood [1944] to predict the small strain Young's modulus of particle-filled solids: E = E m (1 + 2.5v f ), where E m is the Young's modulus of the matrix material and v f is the volume fraction filler. This estimate however is only good at very low (i.e. dilute) filler concentrations. A number of attempts have been made to incorporate interactions between neighboring particles to allow for predictions also at higher volume fractions. Most of these models add one or more terms to a polynomial series expansion of the amplification factor. One of the most cited models of this class is the Guth and Simha [1936] , Guth and Gold [1938] , Guth [1945] 
A number of variations of this model have also been developed in which the coefficients in the expansion are slightly different [Vand, 1948 , Simha, 1940 . A different method to incorporate particle-particle interactions into the Smallwood estimate has been developed by Mooney [1951] . In this model the first order interactions are incorporated through a crowding factor k that needs to be experimentally determined:
Note that if this relationship is Taylor expanded it also conforms to the same class as the GuthGold model. In addition to these models that are restricted to spherical particles, theories have also been developed for other shapes. One of the most used models of this type is the Guth model [Guth, 1945] 
developed for rod-like shapes characterized by the ratio of the length to the width of the particles or the filler aggregate structures into which the particles cluster. This model attempts to account for the fact that particle aggregation (clustering) has a significant impact on stiffness at higher volume fractions (i.e. v f 0.15); in practice, g f is typically between 4 and 10 which essentially makes this model similar to the Guth-Gold model but with a much higher coefficient on the quadratic term, thus further amplifying the aggregation or "shape" effect at higher volume fractions. As shown in Figure 5 , the filled elastomer models of Equations (3)- (5) good job in predicting the dependence of modulus on filler content when compared to Figure 4 . In addition to these models specifically developed for filled elastomers, a number of general composite theory models can be used. For example, the traditional Voigt upper bound [Voigt, 1889] for a linear elastic isotropic material is given by
where E f is the Young's modulus of the filler particles; the Hashin-Shtrikman upper bound [Hashin and Shtrikman, 1963, Hashin, 1983] for the case when the filler particles are almost incompressible 2 can be written as:
These upper bounds provide little value in bounding the behavior of particle-filled elastomer, as seen in Figure 5 , because the filler particle modulus is very high compared to the matrix, and the load must transfer to the filler through deformation of the matrix. Similarly, the corresponding Reuss [Reuss, 1929] lower bound
and the Hashin-Shtrikman lower bound [Hashin and Shtrikman, 1963, Hashin, 1983] for stiff almost incompressible particles
are not very restrictive. A number of other composite theory estimations have also been developed: a self consistent estimate developed by Budiansky [1965] which for the special case of rigid particles in an incompressible matrix can be written as:
A different self-consistent estimate for rigid particles in a neo-Hookean matrix has been developed by Ponte Castañeda [1989] :
which can also be rewritten to take the basic amplification form of Equation (3). This model predicts the data reasonably well as shown in Figure 5 , but begins to overpredict the stiffness at filler concentrations greater than 0.25. The Mori-Tanaka estimate [Mori and Tanaka, 1973] for spherical particles isotropically dispersed in an elastic matrix can be written
where K is the bulk modulus and µ the shear modulus. Note that when this estimate is applied to stiff almost incompressible particles it coincides with the Hashin-Shtrikman lower bound. Another approach, based on the concept of amplified strain, has been developed by Govindjee and Simo [1991] which for the case of rigid particles in a neo-Hookean matrix can be written
which is weaker than the Reuss lower bound as is shown in Figure 5 , and, indeed, is acknowledged to be a "loose lower bound" in Govindjee [1997] .
Large Strains and Strain Amplification
A serious drawback of most of these models is that they only predict the behavior at infinitesimal strains. To predict the behavior at large strains Mullins and Tobin [Mullins and Tobin, 1965] introduced the notion of amplified strain which in the case of uniaxial loading they quantified as Λ = 1 + X(λ − 1) where λ is the applied axial stretch, Λ is the amplified stretch, and X is a constant depending on the volume fraction filler (for the Guth-Gold model X = 1+2.5v f +14.1v 2 f , and for the Guth model X = 1 + 0.67g f v f + 1.62g 2 f v 2 f .) Following their procedure, the stressstrain relationship for a particle filled elastomer is then obtained by replacing λ by Λ in the constitutive relationship for the matrix.
3 For a neo-Hookean matrix this provides the stressstretch relationship σ = µ m (Λ 2 −1/Λ). In the case of the Govindjee-Simo model, the large strain behavior is obtained by inserting the amplified deformation gradient F m = ( F − v f R )/(1 − v f ) into the expression for the strain energy density of the matrix material. For uniaxial loading the expression for the composite strain energy density becomes
giving the stress-stretch relationship
Each of the above models contains some ambiguity in how a general strain state is to be amplified; for example Govindjee and Simo suggest amplifying the total deformation gradient, whereas Mullins and Tobin discuss amplification of the uniaxial strain.
Here, a new approach is proposed whereby the first invariant of the stretch,
1/2 (which can be considered to be an average scalar measure of the overall strain) is the strain measure amplified. For a neo-Hookean matrix with semi-rigid particles this approach gives the average strain energy density
where I 1 m = X( I 1 − 3) + 3 is the I 1 -amplification relationship with X taken to be the amplification factor. This gives an initial modulus of E = E m (1 − v f )X. The exact form of X is not clear, however, the initial modulus results of others as discussed earlier suggest X = 1 + av f + bv 2 f . Using the Smallwood and Einstein derivations for modulus amplification E = E m (1 + 2.5v f ) for dilute concentrations gives a = 3.5. Then based on the results of Guth and Guth-Gold, the quadratic coefficient b is estimated to be 30. This gives:
and
From Equation (18) it is clear that I 1 -amplification is equivalent to what might be interpreted as modulus amplification for the neo-Hookean material. However, the proposed model has a further advantage in that it can be applied not only to a neo-Hookean matrix but to any higher order I 1 -based hyperelastic material model [Arruda and Boyce, 1993 , Boyce, 1996 , Yeoh, 1993 .
The ability of this model to capture the effect of filler content on initial modulus is shown in Figure 5 along with the models discussed earlier. This new approach of amplifying I 1 also provides the advantage of easily being used to describe any arbitrary imposed deformation as will be demonstrated later.
In order to provide a better quantitative feel for how well each of the large strain models (Guth and Guth-Gold with Mullins-Tobin kinematic assumption, Govindjee-Simo, Ponte Castañeda, and Bergström-Boyce) work, they have been compared in Figures 6 to 8 to the equilibrium uniaxial compression data of the Chloroprene rubber presented above. In Figure 6 is shown the stress-strain behavior when filled with 7 volume percent filler. The figure shows that all four models give good predictions at small strains, but at large strains the model by Guth predicts too fast an increase in stiffness with applied strain. The corresponding situation when filled with 15 volume percent filler is shown in Figure 7 . From this figure it is clear that the Govindjee-Simo model prediction is much more compliant than the actual data. This observation is in agreement with Figure 5 which demonstrated that the small strain Young's modulus as predicted by the Govindjee-Simo model is much lower than what is observed in most elastomers. Figure 7 also shows that the Guth model very nicely predicts the small strain behavior but is much too stiff at large strains. Both the models by Ponte Castañeda and Bergström-Boyce, on the other hand, give fair predictions at all levels of applied strain. In Figure 8 is shown the behavior when filled with 25 volume percent filler. As in Figure 7 , the Govindjee-Simo model is too compliant and both the Guth and the Guth-Gold estimates are too stiff at large strains. In this case the model by Ponte Castañeda also predicts an overly stiff response at large strains, but the Bergström-Boyce model still provides a good prediction.
As has been shown in Figures 6 to 8 , the model by Govindjee and Simo does not give good predictions of the observed stress-strain data. The work by Govindjee [1997] further includes the development of a model for the average strain in the matrix which has been shown to be in good agreement with two-dimensional finite element analysis. As will be shown in the next section, however, the effective amplified strain is different in two-and three-dimensional simulations. From Figures 6 to 8 it is also clear that the strain amplification concept used in both the Guth and Guth-Gold estimates is not working very well at large strains. From Figures 6 to 8 it is also clear the the experimental data for the Chloroprene rubber supports the Bergström-Boyce I 1 -amplification concept. The amplification of I 1 permits the study of other strain states. In Figure 9 , the Bergström-Boyce prediction of the dependence of strain for both uniaxial and plane-strain compression are shown. The experimental data [Bergström and Boyce, 1998 ] in the figure is the equilibrium stress response in both uniaxial and plane strain compression showing good agreement with the predicted equilibrium behavior. 
Finite Element Simulations of Particle-Filled Elastomers
From the previous section it is clear that only a few models can adequately predict the observed small strain uniaxial behavior of different particle-filled elastomers. The corresponding situation for large strain deformation including considerations of nonlinear effects such as hysteresis and time-dependence is even less satisfactory. In this section the potential for using finite element (FE) simulations as a tool in the development of better constitutive models will be discussed. The starting point for this investigation is the evaluation of the ability to predict the equilibrium modulus using FE micromechanical representations of the filled elastomer. Only if it can be demonstrated that this simple loading situation can be accurately simulated will it be justified to consider additional nonlinear effects using these techniques. Even for a simple loading situation such as small strain uniaxial compression, a number of interesting issues can be investigated. For example, it is possible to quantify the influence of different filler structures. If the particles are taken to be spherical and perfectly dispersed then the simulation results should coincide with the Smallwood [1944] and Guth-Gold [Guth and Gold, 1938] predictions, provided the filler concentration is small enough. This can then be compared to a random distribution of particles having a higher intrinsic structure. It is also possible to evaluate the strain amplification concept as has been done by Govindjee [1997] by use of two-dimensional FE simulations. As will be shown in the following section, however, there is a significant difference between two-and threedimensional simulations. The possibility to achieve large strain predictions and generalizations can further be facilitated by the detailed information available from this type of simulation. As a first step in this investigation it is necessary to determine what type of FE model is most appropriate. The larger the simulation, in terms of both the number of filler particles modeled as well as the number of finite elements used, the better the results become; however, the computational expense will eventually restrict the simulation size that can be run in a realistic amount of time. In the next section a number of different types of simulations have been compared, the main objectives of this exploration were: (1) to quantify the difference in behavior between a unit cell containing one particle and a unit cell containing a number of randomly distributed particles, when both unit cells have the same area/volume fraction particles; (2) to quantify the difference in behavior between two-dimensional and three-dimensional loading situations at the same area/volume fraction filler particles; (3) to quantify the influence of area/volume fraction particles on the mechanical response; (4) to quantify the influence of different particle shapes, where shape is an issue due to the tendency of particles to cluster into irregularly shaped aggregates; (5) to quantify the influence of different boundary conditions; and finally, (6) to try to determine whether the stiffening effect of filler particles can be explained using this approach.
By comparing the predictions from the different numerical techniques with the known experimental behavior presented above, it is possible to determine the level of 'sophistication' that is needed in order to, if possible, reproduce the experimental data. Results from several models that did not correlate well with experimental data are also included in order to illuminate the problems that can occur with simulations of this kind. The presentation of the results starts with trivially simple FE simulations and concludes with large expensive three-dimensional stochastic simulations. In the simulations, unless otherwise stated, the matrix is modeled as a neo-Hookean material with a Young's modulus of E mat = 2 MPa and the filler particles are modeled as a linear elastic material with E fil /E mat = 100, and Poisson's ratio ν fil = 0.3. The elements used in the simulations are based on quadratic interpolation functions, and the composite Young's modulus was approximated by the secant modulus at an applied strain of ε = −0.002.
Two-dimensional Simulations
The simplest possible FE approach to model a particle-filled composite is to consider a twodimensional representative volume element (RVE) containing one particle. One of the more important issues that needs to be addressed in this case is the choice of particle shape. A first example is shown in Figure 10 illustrating the influence of different particle shapes on the stressstrain behavior for a very coarse mesh, and in Figure 11 is shown how the normalized Young's modulus depends on the area fraction filler for a more refined mesh. In both of these figures the boundary of the RVE was constrained to remain rectangular. In all simulations the stress was Figure 10 : Influence of different particle shapes on two dimensional simulations of a RVE containing one particle. Plane stress loading, area fraction filler a f = 0.15. calculated by dividing the total reaction force on the top surface by the total area of the top surface. Results from the coarse mesh are included as a comparison basis with the more refined mesh, and also, the coarse mesh will be used later as a building block in stochastic simulations with a RVE containing many particles. The two figures show that particles with larger radius of gyration give a stiffer response, and that the initial modulus is rather strongly dependent on the particle shape. It is further clear that these models significantly underpredict the mechanical stiffness compared to the experimental data in Figure 4 , where for example, a real elastomer filled with 15 volume percent filler is typically about 100% stiffer than when unfilled, whereas the two-dimensional simulations in Figure 11 show at most a 40% increase in stiffness.
One of the input parameters that is needed in the simulations is the stiffness of the filler particles. It is well known that most filler particles that are used (e.g. carbon black) are significantly stiffer than the elastomeric matrix. The actual value that is assigned to the filler particle stiffness is not very important in this case, as is shown in Figure 12 , as long as it is chosen large enough. Since the two-dimensional simulations with a RVE containing one particle underpredict the stiffness of the material (compared to experimental data), it is of interest to examine the behavior of corresponding stochastic simulations with a RVE containing many particles. In Figure 13 is shown the influence of mesh density on the normalized Young's modulus for a mesh with quadrilateral particles. The mesh density used in Figure 13 is defined as the Figure 13 : Influence of mesh density on the normalized Young's modulus. Plane stress loading, quadrilateral particles, area fraction particles a f = 0.15. total number of possible particle sites per unit RVE. From this figure it is clear that the size the RVE is not very important as long as it is larger than a lower limit. In Figure 13 and in all stochastic simulations to follow (unless otherwise stated) each data point corresponds to a phase space average from 50 Monte Carlo simulations in a manner similar to that used by Govindjee [1997] , and the errorbars represent the uncertainty in the predicted data calculated from E error ≈ ( E 2 − E 2 )/N . In all stochastic simulations repeated boundary conditions allowing deformed lateral sides were used as illustrated in the inset of Figure 13 . The influence of different boundary conditions were also investigated, the predicted stiffness for the different cases, however, converged as the size of the RVE increased. The repeated boundary conditions illustrated in Figure 13 impose the least additional constraint and therefore allows for accurate predictions for smaller representative volume elements than the case when the sides, for example, are constrained to be straight.
To investigate the importance of particle shape, octalateral particles were also simulated. The predictions in Figure 14 show that the cell with octalateral particles has a slightly more compliant response than the cell with quadrilateral particles. The main reason for the more compliant response is that the mesh is more refined around the particles allowing for easier deformation. By comparing the type of one-particle simulation shown in Figure 12 for which E /E matrix ≈ 1.66 at the area fraction a f = 0.24 with the results from the RVE containing many octalateral particles shown in Figure 14 in which E /E matrix = 1.78 ± 0.01 at the same area fraction, it is clear that the many-particle simulation predicts a higher stiffness than the simple one-particle simulation. The reason for this is that in many-particle simulations some of the rubber becomes occluded and cannot deform, thus making the area fraction of particles effectively larger. This is illustrated in Figure 15 by the contours of the first stretch invariant
. The white regions in the graph are virtually undergoing no deformation due to the geometric constraints resulting from the particle aggregation. Finally note that the predicted modulus in all the two-dimensional simulations are much lower than the experimental data presented earlier. This is the reason it is not necessary to refine the mesh further in the stochastic two-dimensional simulations, since refinement would only make the response even more compliant. 
Three-Dimensional Simulations
From the previous section it is clear that two-dimensional simulations do not correlate well with experimental data. The next level of simulations are three-dimensional using an axisymmetric unit cell of the type shown in Figure 16 . Note that in these simulations the particles are ellipsoidal and the RVE is a cylinder which is a shape that cannot be packed to fill space. The figure shows that the simulation result for spherical particles agrees well with the GuthGold model [Guth and Gold, 1938] up to a very large filler concentration. And as will be shown in Figure 20 when compared with the experimental data, the Guth-Gold model can be used as a practical lower bound for the reinforcement independent of filler used. In Figure  16 also note that the axisymmetric simulation examples with non-spherical particles obviously possess anisotropic stiffness properties. This observation holds in general when the particles are anisotropic in shape even though the composite might contain a random distribution of particles. Anisotropic composite stiffness properties can also occur even if the particles have isotropic shapes if the particle aggregation is anisotropic.
In Figure 17 are shown results both from the two-dimensional (plane stress) and the threedimensional (axisymmetric) simulations. Here it is clear that the two-dimensional simulations greatly underpredict the stiffness when compared to the three-dimensional simulations; this is a direct result of the area nature of the two-dimensional volume fraction as discussed in the Appendix.
The effect of the randomly distributed nature of the filler particles is explored in the stochastic three-dimensional simulations shown in Figure 18 illustrating the predicted behavior of a RVE containing cubic particles, a RVE containing cubocahedral particles, and the axisymmetric data from Figure 16 As before, the simulations summarized in Figure 18 were performed with repeated boundary conditions allowing the sides to deform. The figure shows that the predicted stiffness is significantly higher than the axisymmetric prediction in Figure 16 . This is reasonable since randomly distributed particles will cluster into irregularly shaped aggregates causing more of the Figure 16 : Axisymmetric three-dimensional simulation with one particle illustrating the influence of volume fraction of particles on the normalized Young's modulus. The parameter C 1 is defined in Figure 11 . rubber matrix to become occluded then for the case of perfectly dispersed particles. The figure furthermore shows that the cubocahedral particles give a more compliant response than the cubic particles especially at high volume fractions, the reason for this being the more refined mesh. The influence of different mesh refinements is more systematically shown in Figure 19 where the Figure 19 : Mesh refinement study of a RVE containing cubocahedral particles, v f = 0.1. stress-strain behavior of a RVE containing a fixed distribution of octalateral particles with the mesh of the matrix phase being refined to different degrees. The figure shows that the stressstrain behavior converges as the matrix phase is refined; the medium level refinement was deemed sufficient for our study. A third type of simulation with rhombic dodecahedron 4 shaped particles of the type illustrated in the inset in Figure 20 have also been performed. A direct comparison between the different stochastic three-dimensional simulation results and the experimental data, illustrated in Figure 20 , reveal that the simulations with cubic particles produce predictions that approximate the upper limit of reinforcement observed in the experiments, whereas the cubocahedral and rhombic dodecahedral particles give a slightly more compliant response. The results also demonstrate that consideration of a random distribution of particles (as opposed to perfect dispersion) is also necessary to adequately account for the effect of filler on stiffness. The data in Figure 20 suggest that the main reason for the increased stiffness observed in particlefilled elastomers is due to the composite interaction between the fillers and the matrix and not due to changes of the matrix properties due to the fillers.
As discussed earlier, the impact of fillers on elastomeric behavior is also often discussed in terms of some form of strain amplification factor. The concept of strain amplification can be investigated with the micromechanical models by extracting measures of the average strain in the matrix. Here we select two measures to explore: the first measure is the average first Bergström-Boyce model proposed earlier in Equation (18) was based directly on I 1 -amplification and gives:
Predictions using the Bergström and Boyce I 1 amplification are plotted in Figure 21 with the micromechanical results and show excellent agreement, further supporting the newly proposed approach. The Govindjee and Simo model is based on the amplification of principal stretches in the matrix where the amplified stretches are given by:
The Govindjee-Simo model predictions for amplified principal stretches as a function of applied strain are compared to the micromechanical results in Figure 22 . While there is good agreement for the first principal stretch λ 1 m , there is poor agreement with the other two principal stretches. Indeed, since the Govindjee-Simo model provides a direct amplification of the macroscopic principal stretches, two of the amplified stretches are predicted to be the same for this case of uniaxial compression and these predictions are in error. Indeed, the micromechanical results suggest a more interesting picture as to the local flow of the elastomer, revealing the effect of the particles to locally somewhat constrain the flow in one local direction. These results further support the use of amplifying an effective stretch quantity such as I 1 m as proposed in this paper. A final illustration of the FE predicted behavior is shown in Figure 23 where the finite strain stress-strain predictions for three different volume fractions of filler particles are depicted. The rhombic dodecahedral particle micromechanical model is used for all simulations. As illustrated in the graph, the simulations of the 7 and 15 volume percent filled elastomers are in very good agreement with the experimental data. However, the simulation of the elastomer filled with 25 volume percent filler is stiffer than what was observed in the experiments. One reason for this could be that when this highly filled material is subjected to finite strains, the matrix will undergo severe deformations which require a very fine finite element mesh in order to be accurately modeled. Also, as the particle density increases, the overall size of the RVE must increase (i.e. must contain many more particles than included here) in order to adequately address the random dispersion of particles and thus accurately account for the continuity of matrix regions.
Conclusions
The incorporation of filler particles in elastomers is a widely known and used method to tailor the stiffness properties of the material. Although numerous investigations have been performed in an effort to deepen the understanding of the mechanisms causing the change in behavior, a broad foundation between micromechanisms, continuum models and experimental observations is far from complete. This first modeling attempt has focused on the equilibrium behavior, recognizing that the investigation of additional nonlinear effects such as time and temperature dependence is greatly facilitated by a clear understanding and successful modeling of the equilibrium behavior. The mechanical response, predominantly in the small deformation regime, has been studied by using the finite element method. It has been shown that it is possible to get quantitative agreement between experimental data and FE simulations. In particular, it has been shown that the correlation between volume fraction filler particles and the initial Young's modulus of the material can be accurately modeled by stochastic simulations of threedimensional representative volume elements containing many filler particles. For example, the stiffening effect of low volume fractions of reinforcing fillers, which are known to follow the GuthGold [Guth and Gold, 1938] relationship, can be accurately simulated by a system containing perfectly dispersed particles. Furthermore, the microstructure corresponding to the experimentally observed upper limit of reinforcement for a given volume fraction can be represented by a random distribution of particles. These observations suggest that the main stiffening effect from the filler particles is due to overall composite behavior and not due to a change of the elastic properties of the matrix material due to the incorporation of the filler particles. The need to introduce additional crosslinking sites due to the filler particles as has been proposed in some work in order to fit experimental data seems not to be justified as the simulations presented in this paper agree well with the experimental data.
As a final conclusion, both Guth's suggestion [Guth, 1945] to characterize the filler aggregates with a shape factor and Medalia's [Medalia and Kraus, 1994 ] occluded rubber concept can be considered valid approaches for the modeling of the small strain equilibrium behavior of particlefilled elastomers. The large-strain equilibrium behavior can similarly be modeled by a concept similar to that of strain amplification suggested by Mullins and Tobin [Mullins and Tobin, 1957] . The new concept is based on I 1 -amplification instead of strain amplification and has been shown to give better overall predictions of the dependence of stress-strain behavior on filler content from small to large applied strains. These results suggest that the concept of I 1 -amplification might also prove useful in predicting the dependence of Mullins effect, hysteresis and other time dependencies on filler content. Furthermore, as demonstrated in this paper, the ability to successfully capture the dependence of stiffness on filler content through fully three-dimensional micromechanical models of randomly dispersed filler particles lays the groundwork for using micromechanical modeling to study the more complex issues of large strain nonlinear rate and temperature dependent behavior as well as hysteresis.
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A Appendix: Correlation between Two-Dimensional and Three-Dimensional Simulations
The underprediction of the stiffness of the two-dimensional micromechanical models compared to corresponding three-dimensional models is largely due to that for the same area/volume fraction the linear amount of matrix is proportionally greater in two-dimensional models than in three-dimensional models and therefore the matrix contributes more to the behavior in twodimensional models thus providing the underpredicted stiffness. Figure 24 depicts a correlation between two-dimensional and three-dimensional models for the case of a representative unit cell containing a particle with radius R. By equating the two expressions for the radius R it is possible to convert between area and volume fractions in an approximate manner. As shown in the figure, this approximate relationship suggests that, for example, a volume fraction of 7% should correspond to an area fraction of 17% which is in reasonable agreement with Figures 17 and 20 of the main text. 
